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We further examine a theory of phase contrast imaging (PCI) of cold atomic gases, first introduced
by us in Phys. Rev. Lett. 112, 233602 (2014). We model the PCI measurement by directly
calculating the entangled state between the light and the atoms due to the ac Stark shift, which
induces a conditional phase shift on the light depending upon the atomic state. By interfering
the light that passes through the BEC with the original light, one can obtain information of the
atomic state at a single shot level. We derive an exact expression for a measurement operator that
embodies the information obtained from PCI, as well as the back-action on the atomic state. By
the use of exact expressions for the measurement process, we go beyond the continuous variables
approximation such that the non-Gaussian regime can be accessed for both the measured state and
the post-measurement state. Features such as the photon probability density, signal, signal variance,
Fisher information, error of the measurement, and the backaction are calculated by applying the
measurement operator to an atomic two spin state system. For an atomic state that is initially in a
spin coherent state, we obtain analytical expression for these quantities. There is an optimal atom-
light interaction time that scales inversely proportional to the number of atoms, which maximizes
the information readout.
PACS numbers: 03.75.Dg, 37.25.+k, 03.75.Kk
I. INTRODUCTION
Phase contrast imaging (PCI) [1] is a powerful tool for
performing non-destructive measurements, based on the
observation of a phase shift of incident waves due to inter-
action with a probe object. It has been realized in a vari-
ety of configurations, involving light [1], X-rays [2, 3] and
electron beams [4] and found extensive use in biomedi-
cal imaging [5], and structural imaging and studies of
properties of nano devices and materials [6]. In the con-
text of measurement of atomic Bose-Einstein condensates
(BEC), PCI [7–11] has been used to measure the proper-
ties of ultracold atomic gases [10, 11], as well as small and
dense atomic condensates [7–9] in situ. The method has
the advantage over other alternative methods such as ab-
sorptive [12, 13] and fluorescence [14] imaging, as it can
be applied repeatedly to the same atomic sample without
destroying it [15, 16]. During the PCI measurement [7–
9] a nonresonant detuned coherent light beam interacts
via the ac Stark shift with the atoms causing the states
of light to accumulate a phase shift as shown in Fig. 1.
The phase shift of light is detected in a homodyne mea-
surement from which the state of the atomic condensate
is inferred. Such a measurement technique is a central
component for readout in several applications proposing
to use atomic BEC in quantum metrology [17, 18] and
quantum information [19–21].
We previously developed a theory of PCI measure-
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FIG. 1: Schematic configuration for the off-resonant light-
matter interaction for phase contrast imaging considered in
this paper. The incident light is detuned from atomic reso-
nance realizing an ac Stark shift. The atoms in the state |ψ〉
involving the ground state internal levels fi with the incident
light, and become entangled with the light. Every Fock state
of the atoms produce a phase shift φˆ. Finally, the light which
passes through the atoms |γ〉 and the light which does not
pass through |χ〉 are interfered and photons are counted to
obtain a signal S .
ments at the single shot level in Ref. [22]. The basic
idea of the method is to first explicitly calculate the en-
tangled state between the atoms and the light induced
by the ac Stark shift. Projecting the photons on the in-
terference basis, we were able to relate the difference of
the photon counts to the average Sz spin of the BEC by
a simple expression. The method both yields the amount
of information about the quantum state that can be ob-
2tained, and the backaction on the state. In this paper,
we give an extended treatment of the single shot PCI
theory developed in Ref. [22]. We derive expression for
the measurement operator that embodies both the in-
formation and the backaction due to the measurement.
We show that the backaction due to the measurement
scrambles and shifts the relative phase of the atomic con-
densates, but is controllable by the degree of atom-light
interaction. We demonstrate that the measurement has
the best performance for the dimensionless atom-light
interaction time being of the order ∼ 1/N where N is
the total number of atoms. Our findings complements
earlier works that studied the limits on sensitivity [23–
25] of nondestructive measurement, and the backaction
[26–28] due to PCI measurement. In particular, Refs.
[26–28] calculated the backaction of PCI measurement
in a continuous measurement model by deriving an ef-
fective master equation, in which the degrees of freedom
of probe is traced out. Our work in contrast to these
works are at the single-shot level, which directly shows
how much information and backaction occurs with each
PCI measurement.
In addition to the above works, we note that Refs. [29–
31] studied interactions between atomic ensemble and
coherent light in a polarization measurement that is re-
lated to PCI. These works used the spectral density of
the probe beam that has interacted with an atomic en-
semble to estimate the degree of squeezing and entan-
glement resulting in the states of atomic ensemble. Our
work is distinct from such works where the spin ensem-
bles are treated in the continuous variables (CV) approx-
imation. In this approach, the spins are considered to
be polarized in a particular spin direction (say Sx), and
the remaining total spin degrees of freedom (Sy, Sz) are
used as the quadrature variables [31]. In the approach
presented in this paper, this approximation is not per-
formed and thereby we are able to go beyond the CV
regime. For example, our constructed measurement op-
erator can be applied to any state, not only spin coherent
states in the vicinity of polarized states. Also it predicts
the evolution of an initial spin coherent state into highly
non-Gaussian states. Such result obviously cannot be ob-
tained in the CV approximations used in these works [29–
31]. Additionally, we aim to estimate the optimum scal-
ing of atom-light interactions such that the measurement
of the atomic condensates or ensemble is still minimally-
destructive. We show that to calculate this one requires
a beyond-CV analysis, as there is a fidelity loss that is
not present in a CV approximation. These results are
fundamental in nature and very important for applica-
tions using atomic condensates or ensembles and PCI in
quantum information and metrology.
The remainder of the paper is organized as follows.
In Sec. II we describe the model of PCI measurement
that we use in this paper and Ref. [22], and derive an
expression for the PCI measurement operator. We then
analyze the information that is extracted from the PCI
measurements using this operator in Sec. III. This in-
volves calculating the photon probability density (Sec.
III A), signal (Sec. III C), quality of the esimate (Sec.
III D), and Fisher information (Sec. III E). We then ex-
amine the backaction due to the PCI measurement in
Sec. IV. We give some experimental estimates of param-
eters in Sec. V. Finally, our conclusions are given in Sec.
VI.
II. PHASE CONTRAST IMAGING MODEL
We consider an M component atomic Bose-Einstein
condensate (BEC) confined in a trapping potential and
is interacting with a light beam detuned from atomic
resonant transition. The light beam couples the ground
state to an excited state via an ac Stark shift as shown
in Fig. 1. Assuming that the population of the atoms
found in the excited state is negligibly small due to a
large detuning, the excited state may be eliminated. The
effective interaction ac Stark shift Hamiltonian may be
written (see the supplementary material of Ref. [22])
H = −~
M∑
k=1
gknˆka
†a, (1)
where nˆk = f
†
kfk is the number operator, fk are bosonic
atomic annihilation operators that act on vacuum to de-
stroy an atom on level k ([fk′ , f
†
k ] = δkk′ ), gk is the
strength of atom-light interaction [22], and a is the light
field operator that acts on the vacuum to destroy a pho-
ton ([a, a†] = 1). Although we assume that the atoms are
in a BEC, our theory equally applies to cold atom ensem-
bles as long as the ac Stark shift acts symmetrically on
all atoms, and the initial atomic state is symmetric under
particle exchange. The main difference formally is that
the number operators for each level would be written
nˆk =
∑
i |k, i〉〈k, i| instead of bosonic operators, where
|k, i〉 denotes the ith atom in the ensemble in its kth
atomic state. As long as the atoms remain in a symmet-
ric superposition state at all times, they are equivalent
to the bosonic system.
We assume that the state of the BEC is
|ψ〉 =
∑
n1n2...nM
ψn1n2...nM |n1n2 . . . nM 〉, (2)
where |n1n2 . . . nM 〉 = |n1〉 ⊗ |n2〉 ⊗ · · · ⊗ |nM 〉 and the
Fock states of the BEC are
|nk〉 = 1√
nk!
(f †k)
nk |0〉. (3)
The light field is initially in a coherent state which as
suggested by Fig. 1 is split into two components, light
which passes through the BEC with amplitude γ and
light which does not pass through the BEC of amplitude
χ:
|γ〉 = e− |γ|
2
2 eγa
† |0〉 ,
|χ〉 = e− |χ|
2
2 eχb
† |0〉 , (4)
3where a (b) is the photon annihilation operator for the
light mode which does (not) pass through the BEC re-
spectively. During the atom-light interaction, the Hamil-
tonian Eq. (1) entangles some of the light with the atomic
condensate. The resulting state of the of the atom-light
system is
e−iHτ/~ |γ〉 |χ〉 |ψ〉 →∑
n1n2...nM
ψn1n2...nM |γei
∑
k gknkτ 〉|χeiφχ〉|n1n2 . . . nM 〉,
(5)
In general, the light in the state |χ〉 will also pick up a
phase φχ after passing through the phase plate [9, 16],
which is included in (5). The atom-light interactions
entangle the coherent states of atom and light, as the
phase rotations of |γei
∑
k gknkτ 〉 will be different in gen-
eral for each term in the expansion with |n1n2 . . . nM 〉.
The phase picked up by these photons contains some in-
formation about the state of the atoms. This information
is accessed by interfering the light which passes through
the BEC with the remaining light in a homodyne mea-
surement as shown schematically in Fig. 1. Assuming a
50-50 beam splitter, the relationship to the new modes
may be written
a† =
c† + id†√
2
,
b† =
ic† + d†√
2
. (6)
The state of atom-light system after light has passed
through the beam splitter becomes
e−
|γ|2+|χ|2
2
∑
n1n2...nM
ψn1n2...nM |n1n2 . . . nM 〉
× exp[γei
∑
k gknkτ (c† + id†)/
√
2]
× exp[χeiφχ(ic† + d†)/
√
2] |0〉 . (7)
Finally, a photon number measurement is made in the
number basis nc = c
†c and nd = d†d, which is achieved
by projecting onto a particular nc and nd number state.
This gives
e−
|γ|2+|χ|2
2√
nc!
√
nd!
∑
n1n2...nM
ψn1n2...nM
×
[
i√
2
(
−iγei
∑
k gknkτ + χeiφχ
)]nc
×
[
1√
2
(
iγei
∑
k gknkτ + χeiφχ
)]nd
|n1n2 . . . nM 〉. (8)
We may now define a measurement operator Mˆnc,nd
which gives the total effect of the PCI measurement. For
a PCI measurement with photon counting outcome of nc
and nd,
Mˆnc,nd ≡
e−
|γ|2+|χ|2
2√
nc!
√
nd!
[
i√
2
(
−iγeiφˆ + χeiφχ
)]nc
×
[
1√
2
(
iγeiφˆ + χeiφχ
)]nd
, (9)
where
φˆ =
M∑
k=1
gknˆkτ (10)
and we have reinstated nk to an operator as it is yet to
act on a state in (9). The operator Mˆnc,nd describes
the effect of measurement on the condensate induced by
the PCI procedure. From the definition it is clear that
the final state (8) is simply Mˆnc,nd |ψ〉. In the following
sections we will study various properties of this measure-
ment operator.
III. INFORMATION READOUT
In this section we examine the information that can
be extracted from a PCI measurement. We first obtain
the probability distribution of the photon counts, which
forms the foundation of the information that can be ex-
tracted. We apply the probability distribution to the
analysis of two component spin-state to obtain an ex-
pression for the signal, equal to the difference between
the photocounts on the two detectors. Also, we discuss
the error and Fisher information of the PCI readout for
a two component spin-state.
A. Photon probability distribution
The information of quantum state of the BEC is in-
ferred from the difference in photon counts nc − nd. To
calculate this we require calculation of the joint prob-
ability P (nc, nd) of counting nc and nd photons. This
can be calculated tracing over the projection of the state
|n1 . . . nM 〉 on the atomic states
P (nc, nd) =
∑
n1n2...nM
|〈n1n2 . . . nM |Mˆnc,nd |ψ〉|2. (11)
Using (9), the expression for the probability P (nc, nd) is
written explicitly as
P (nc, nd) =
e−|γ|
2−|χ|2
nc!nd!
∑
n1n2...nM
|ψn1n2...nM |2Yn1n2...nM
(12)
where
Yn1n2...nM =
1
2nc+nd
| − iγei
∑
k gknkτ + χeiφχ |2nc
|iγei
∑
k gknkτ + χeiφχ |2nd , (13)
4The exact expression for the probability given in (12)
does not lend itself to an easy interpretation. To be able
to understand the behavior of the probability, let us an-
alyze (13) in terms of the trigonometric functions
Yn1n2...nM =
[
|χ|2 + |γ|2
2
− |χγ| sin(φχ −
∑
k
gknkτ)
]nc
×
[
|χ|2 + |γ|2
2
+ |χγ| sin(φχ −
∑
k
gknkτ)
]nd
,
(14)
where we have absorbed the relative phase between γ and
χ into φχ. Assuming that the total number of atoms in
the BEC is N
M∑
k=1
nk = N, (15)
we may consider that the phase term
∑
k gknk in (14)
produces an average phase offset
φγ = τ
∑
k
gk
N
M
. (16)
The relative phase around this average then depends
upon the particular nk configuration, and we may define
φr = τ
∑
k
gk(nk − N
M
). (17)
From (14) we may already observe that the typical
timescales that the PCI regime will work with is
gkτN ∼ 1. (18)
The fact that this is the optimal timescale will be derived
in more precisely in the following sections.
For nc, nd ≫ 1, and requiring the total number of pho-
tons (nd + nc) in the measurement be greater than the
relative number of photons (nd − nc) [i.e. 2|χ||γ||χ|2+|γ|2 (nd +
nc) > |nd − nc|], the function Y can be approximated as
Yn1n2...nM = nncc nndd
( |γ|2 + |χ|2
nc + nd
)nc+nd
e−
(φr−φ¯)
2
2σ2 ,
(19)
where
φ¯ = φχ − φγ − arcsin
(
(|χ|2 + |γ|2)(nd − nc)
2|χγ|(nd + nc)
)
, (20)
σ2 =
4ncnd
(nd + nc)
{[
2(nd + nc)|χγ|
|χ|2 + |γ|2
]2
− (nd − nc)2
}−1
.
(21)
It is immediately evident that special interesting cases
occur. For |γ| ≪ |χ|, only very small amount of the
light beam pass through the atomic condensate. This
limit corresponds to the current experimental realisation
where the photon flux through the atomic BEC is small in
comparison with the photon flux that are not scattered
by the atomic condensate. Another interesting limit is
|γ| = |χ|, where the photon flux through the BEC is
equal to the photon flux not scattered by the conden-
sate. The scenario |γ| = |χ| can be realised experimen-
tally by placing the condensate in one arm of Michelson
interferometer.
We may now see how the photons become correlated
with the quantum state by examining the peak of the
distribution (19). The maximum of the Gaussian distri-
bution is located at
nc − nd = 2|χγ|
(
nc + nd
|χ|2 + |γ|2
)
sin(φr − φχ + φγ)
≈ 2|χγ| sin(φr − φχ + φγ). (22)
Where we have used the conservation of the number of
photons such that the total number of photons that are
detected is the same as that in the initial light. This
relation suggests that up to the constant phase factors
φχ and φγ , the photon count difference can be related
to φr , the relative phase which depends upon the state
distribution.
B. Application to two component spin-state
Let us now specialize to the case where there are only
two hyperfine ground states that the atoms occupy M =
2, and they are in spin coherent state
|ψ〉 = |α0, β0〉〉 ≡ 1√
N !
(
α0f
†
1 + β0f
†
2
)N
|0〉
=
N∑
n1=0
√(
N
n1
)
αn10 β
N−n1
0 |n1N − n1〉. (23)
In this case the probability distribution is
P (nc, nd) =
e−|γ|
2−|χ|2
nc!nd!
×
N∑
n1=0
(
N
n1
)
|α0|2n1 |β0|2N−2n1Yn1N−n1 , (24)
where Yn1N−n1 is given in (19), and
φγ = gτN,
φr = Gτ(2n1 −N), (25)
with G = (g1 − g2)/2 and g = (g1 + g2)/2. From (18)
the typical interactions times that the PCI measurement
will work in is
GτN ∼ gτN ∼ 1. (26)
5With the use of Stirling’s approximation the binomial
function in the expression for the probability is simplified
as(
N
n1
)
|α0|2n1 |β0|2N−2n1 ≈ 1√
2piN |α0|2|β0|2
× exp
[
− N
2|α0|2|β0|2
(
n1
N
− |α0|
2 − |β0|2 + 1
2
)2]
.
(27)
Replacing the sum over n1 in (24) by an integral and
evaluating, we write the expression for the probability as
P (nc, nd) =
nncc n
nd
d σe
−|χ|2−|γ|2
nc!nd!
( |γ|2 + |χ|2
nc + nd
)nc+nd
×
exp
[
− N22(G2τ2N sin2 θ0+σ2)
(
φ¯
2GNτ − cos θ02
)2]
√
G2τ2N sin2 θ0 + σ2
,
(28)
where we have used a standard parametrization of the
state on the Bloch sphere
α0 = e
−iϕ0/2 cos(θ0/2),
β0 = e
iϕ0/2 sin(θ0/2).
Finally using Stirling’s approximation in (28) results
in the following simplified expression for the probability
density
P (nc, nd) = σ
( |γ|2 + |χ|2
nc + nd
)nc+nd
e(nc+nd−|γ|
2−|χ|2)
×
exp
[
− N22(G2τ2N sin2 θ0+σ2)
(
φ¯
2GNτ − cos θ02
)2]
√
4pi2(G2τ2N sin2 θ0 + σ2)ncnd
. (29)
The form of Eq. (29) suggests that probability density
be written in terms of relative photon number which by
the way corresponds to what one expects in an experi-
ment. Making a change of basis into the relative coordi-
nates
u =
nc + nd
2
,
v =
nd − nc
2
, (30)
the probability becomes
P (u, v) = σ
( |γ|2 + |χ|2
2u
)2u
e(2u−|γ|
2−|χ|2)
×
exp
[
− N2
2(G2τ2N sin2 θ0+σ2)
(
φ¯
2GNτ − cos θ02
)2]
√
pi2(G2τ2N sin2 θ0 + σ2)(u2 − v2)
, (31)
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FIG. 2: (Color online). The PCI photon count probability
density (12) in terms of relative and average photon num-
bers u, v. The parameters for the figures are N = 1000,
|γ|2 = |χ|2 = 50, θ0 =
pi
2
, φγ = φχ = 0, and the atom-light
interaction time Gτ is as shown in each figure.
where
φ¯ = φχ − φγ − arcsin
(
v(|χ|2 + |γ|2)
2u|χγ|
)
,
σ2 =
(u2 − v2)(|χ|2 + |γ|2)2
2u(4u2|χγ|2 − v2(|χ|2 + |γ|2)2) .
(32)
The most dominant contribution to the probability den-
sity comes from the points around the maximum of the
function
P (u) =
( |γ|2 + |χ|2
2u
)2u
e[2u−|γ|
2−|χ|2] 1√
piu
≈
√
2
pi(|γ|2 + |χ|2)e
− (2u−|γ|2−|χ|2)2
2(|γ|2+|χ|2) . (33)
Expanding P (u, v) around u = |χ|
2+|γ|2
2 , we may write
it as product of two functions that are properly normal-
ized to unity
P (u, v) ≈ P (u)P (v), (34)
6where
P (v) = σ
√
2(|γ|2 + |χ|2)
pi((|γ|2 + |χ|2)2 − 4v2)
×
exp
[
− N22(G2τ2N sin2 θ0+σ2)
(
φ¯
2GNτ − cos θ02
)2]
√
G2τ2N sin2 θ0 + σ2
. (35)
From (33) and (35), the averages of the probability
distribution are
〈u〉 ≈ |γ|
2 + |χ|2
2
, (36)
and
〈v〉 ≈ |χγ| sinΦ, (37)
while the variances of probability densities are approxi-
mately
(∆u)2 ≈ |γ|
2 + |χ|2
2
, (38)
and
(∆v)2 ≈G
2τ2N sin2 θ0 + σ
2
2(|γ|2 + |χ|2)σ2
× ((|γ|2 + |χ|2)2 − 4|χγ|2 sin2Φ) , (39)
respectively, where
Φ = φχ − φγ −GτN cos θ0. (40)
The average and variance of the probability density with
u is independent of the atom-light interactions. The
probability density with v on the other hand depends
on interaction time Gτ as shown in Fig. 2. For instance,
at small values of Gτ ≪ 1/
√
N shown in Fig. 2(a)(b)
the width of the relative probability density along v is
roughly ∼ ∆u. Fig. 2(c) shows that increasing atom-
light interaction time causes the width of the probability
density along v to grows linearly at a rate proportional
to Gτ ,
(∆v)2 ≈ (|γ|
2 + |χ|2)
2σ2
(G2τ2N sin2 θ0 + σ
2), (41)
while the width along u remains the same. At large
Gτ ∼ 1√
N
, the width of the relative probability density
along v is of the order (∆u)2 as can be seen in Fig. 2(d).
We note that the anomalous features in Fig. 2(d) arise
because v is only defined on the interval [−u, u]. For v
close to ±u, the exponential term dependent on v (i.e.
φ¯) in (31) becomes small but finite. However, the ampli-
tude approaches infinity such that the product remains
finite and large in comparison to values of v < |u|. This
explains the edge effect observed in Fig. 2(d) compared
to Fig. 2(a)-(c).
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FIG. 3: The (a) signal and (b) variance of the PCI measure-
ment of a spin coherent state with an initial state parameter
cos θ0 = |α0|
2 − |β0|
2. The curve for Gτ = 1
N
in (b) is mag-
nified by a factor of 10 for visibility. Parameters used are
|γ|2 = |χ|2 = 50, N = 1000, and φγ = φχ = 0. The dimen-
sionless atom light interaction time Gτ are as marked.
C. Signal from photon counting
The signal S obtained from the measurement is calcu-
lated according to
S ≡ 〈nc〉 − 〈nd〉
2|χγ| =
1
2|χγ|
∑
nc,nd
P (nc, nd)(nc − nd), (42)
where the normalization is taken for convenience such
that the signal is a quantity of order unity, as suggested
by (22).
In the general case (42) must be evaluated numerically.
For specific states of the atomic system it is possible to
evaluate the expressions analytically. For spin coherent
states, we may use the approximate probability distribu-
tion (35) to evaluate
S ≈ 1
2|χγ|
|χγ|∫
−|χγ|
dvvP (v), (43)
=e−NG
2τ2 sin2 θ0/2 sinΦ, (44)
where the equality in (44) is achieved by evaluating (43)
in a complex plane using the steepest descent method.
We see that the signal has an oscillatory dependence to
the relative population difference cos θ0 = |α0|2 − |β0|2,
showing that our theory captures the effect of the PCI
measurement [22, 32, 33]. We observe in addition that
the signal S decays exponentially at large atom-light in-
teraction times Gτ ∼ 1√
N
. The signal decay arises be-
cause atom-light interaction causes each photon number
state to evolve at different rate, and results in accumula-
tion of a relative phase between different photon number
states. Averaging over the many different photon num-
ber states, each number state evolving at different rate
gives the exponentially decaying amplitude in (43). Sim-
ilar effects have been observed in other systems involv-
ing SzSz interactions, where at equivalent times there is
an “oversqueezing” effect and linear correlations are lost
7[34]. This suggests that to obtain the largest signal it is
best to have times in the range Gτ ∼ 1N . This will be
verified in the next section using different methods.
Meanwhile, the variance of the measurement can be
calculated similarly
(∆S)2 ≡ 1
4|χγ|2
∑
nc,nd
P (nc, nd)(nc − nd)2 − S2 (45)
=
|χ|2 + |γ|2
4|χγ|2 +
1
2
(
1− e−2G2τ2N sin2 θ0
)
− e−G2τ2N sin2 θ0(1− e−G2τ2N sin2 θ0) sin2Φ. (46)
The variance as written consists of contribution from two
sources. The first term is the shot noise of the probe
light, and remaining terms are due to the fluctuation in
the atomic condensate. At small values of the atom-light
interaction time Gτ ∼ 1/N , the total variance increase
and can be approximately be written as
(∆S)2 ≈ |χ|
2 + |γ|2
4|χ|2|γ|2 +
sin2 θ0
N
(GτN)2 cos2Φ. (47)
By using a bright probe beam, one may reduce the shot
noise fluctuations. For sufficiently photon low shot noise,
the fluctuations of the BEC can be observed. For a spin
coherent state the variance of Sz ≡ f †1f1 − f †2f2 is [20]
(∆Sz)2
N2
=
sin2 θ0
N
, (48)
hence the PCI measurement can directly measure not
only the average Sz spin but also the fluctuations. As the
total variance (∆S)2 oscillates as a function of the rela-
tive population difference in the atomic spin for a given
Gτ , in such a variance estimate one must tune the phases
such that the magnitude of the cosine is at a maximum,
or equivalently the sine in (43) is at a minimum. Thus the
maximum variance measurement point is when the sig-
nal is at the minimum. At longer atom-light interaction
times Gτ ∼ 1√
N
, from (46) we see that the correlations to
the atomic state diminish in a similar way to the signal.
The PCI measurement degrades in this regime, hence for
the variance interaction times Gτ ∼ 1N is optimal.
In Fig. 3 we plot the signal and variance of the signal
for typical experimental parameters, using the expression
(42) and (45). For times Gτ = 1/N we see the expected
behavior, where the signal oscillates with respect to angle
θ0 to the S
z-axis of the Bloch sphere. The variance also
shows the expected behavior, where the maximum vari-
ance is seen when the magnitude of the signal is smallest.
Disregarding the shot noise which is small for the param-
eters chosen, (47) agrees with the form of the variance as
plotted in Fig. 3(b). Up until times Gτ = 1√
N
, we see
that initially the period of the oscillations in the signal
start to increase, as expected from (44). The variance
has the general form of the sin2 θ0 envelope in (47) with
oscillations due to the cos2Φ. However, for longer times
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FIG. 4: (Color online) The error of the PCI measurement for
an initial spin coherent state with Bloch sphere angle θ0. The
interaction time is as shown in each figure. For (a)(b)(c) and
(d) the solid line is (51) while the dashed line is (52). In all
figures φχ = φγ = 0.
Gτ = 5√
N
the signal starts to deteriorate, due to the ex-
ponential dampening factor (44). For these long times
G & 1/
√
N , the variance starts to approach a constant
value
(∆S)2 → |χ|
2 + |γ|2
4|χ|2|γ|2 +
1
2
, (49)
which can be obtained by setting all the exponential fac-
tors in (46) to zero.
We remark that in the limit |γ| ≪ |χ|, the observed sig-
nal is S|γ|≪|χ| = |γ|S, and the variance is (∆S|γ|≪|χ|)2 =
|γ|2(∆S)2. It is easily seen that the amplitude of the
signal S|γ|≪|χ| is as large as |γ|. On the other hand, the
error of the PCI measurement is dominated by contribu-
tions from the light that did not pass through the atoms
|χ| (local oscillator) that is overlaid by the fluctuations
in the atomic BEC that is of the order |γ|2. The con-
tributions due to the weak field |γ| is vanishingly small
∼ (|γ|/|χ|)2, and thus negligible.
D. Quality of the PCI measurement
The quality of PCI measurement in estimating the
atomic spin, is quantified by the error propagation for-
mula [35, 36]
E(θ0) ≡ (∆S)
2(
∂S
∂θ0
)2 . (50)
A good PCI measurement according to this measure has a
small value of E , where the variance of the measurement
is small and there is a strong correlation between the
signal and the initial state. For zero interaction between
8the light and the atoms Gτ = 0, the signal (44) has no
dependence on θ0, thus E is large and positive.
Using (44), E may be written as
E(θ0) = (∆S)
2e4N |α0β0|
2G2τ2
[2GNτ (2 cosΦ sin θ0 −Gτ sinΦ sin 2θ0)]2
.
(51)
where (∆S)2 is as given in (46). Eq. (51) is plotted in
Fig. 4 as a function of θ0 for various interaction times
Gτ . With increasing Gτ in the regime 0 < Gτ . 1/N ,
the quality improves with the error E generally reducing.
At times Gτ = 3/N some cusps develop due to the faster
oscillation of the signal with θ0, which may be seen from
the Φ dependence in the denominator. However, overall
the error E remains at a low level. But, for Gτ of the
order of 1/
√
N , more and more cusps develop degrading
the quality of the PCI measurement. For Gτ = 5/
√
N
we observe a further degradation of the PCI quality with
and overall increase of the error E . As may be seen from
(51), the error exponentially degrades, as the variance
(∆S)2 approaches a constant as seen from (49).
To understand this behavior, we may approximate (51)
by expanding the exponential factors for small values of
Gτ ≪ 1/√N to order G2τ2, giving
E(θ0) ≈ 1
N
+
|χ|2 + |γ|2
16|χγ|2N2G2τ2 sin2 θ0 cos2 Φ
. (52)
It is easily seen that the error (52) diverges as one ap-
proaches θ0 = 0, pi which may be expected as these are
the poles on the Bloch sphere, where with respect to the
Sz-axis, there is no variation with θ0. The lowest achiev-
able error E can be estimated by minimizing (52) with
respect to Gτ at a fixed α0, β0, giving a criterion
tan[GτN cos θ0 − φχ + φγ ] = 1
GτN cos θ0
. (53)
For φχ = φγ = 0 this has a solution GτN cos θ0 ≈ 0.86,
which shows that to a reasonable estimate taking GτN ∼
1 will give close to optimum results. The scaling of the
optimum coupling time has been previously obtained us-
ing a different means [22].
E. Fisher information
Another measure of the quality of the PCI measure-
ment is the Fisher information defined as
F (θ0) ≡
∑
nc,nd
P (nc, nd)
(
∂ lnP (nc, nd)
∂θ0
)2
. (54)
This can be related to the error of PCI measurement
through the Crame´r-Rao lower bound
E(θ0) ≥ 1√
mF (θ0)
. (55)
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FIG. 5: (Color online). (a) Fisher information for a PCI mea-
surement of a spin coherent state with Bloch sphere parameter
θ0. (b) Error estimated from Fisher information as defined in
(55). The parameters for the figures are |γ|2 = |χ|2 = 50,
N = 1000, and φχ = 0. The atom-light interaction time Gτ
is as shown in the figure. For all curves, the solid line is the
numerical curve and the dashed line is the theoretical curve.
where m is the number of independent repetitions of the
experiment. For a given m, the Crame´r-Rao bound is
minimum if the Fisher information F (θ0) is large. Using
the probability distribution (24), we obtain an expression
F (θ0) =
G2τ2N2 sin2 θ0
G2τ2N sin2 θ0 + σ2
, (56)
where σ is
σ2 =
{
4|χγ|2(|χ|2 + |γ|2) 1− sin
2Φ
(|χ|2 + |γ|2)2 − 4|χγ|2 sin2Φ
}−1
.
(57)
The Fisher information may also be written as
9F (θ0) =
N2
tan2(θ0/2)


(
σ2 +G2τ2N sin2 θ0
)
exp
[
4G2τ2 sin4(θ0/2)
σ2 + (N + 1)G2τ2 sin2 θ0
]
√(
σ2 + (N − 1)G2τ2 sin2 θ0
) (
σ2 + (N + 1)G2τ2 sin2 θ0
) − 1


.
We see that as Gτ tends to zero, the Fisher informa-
tion is zero meaning that no information can be inferred
from the measurement. As such the sensitivity decreases
(i.e. E(θ0) is infinite). However, as Gτ tend to infinity,
the Fisher information reaches a finite value of N , and
one attains the best sensitivity which for m = 1 scales as
1/
√
N . A comparison of the approximate result (56) with
the numerical computation of (54) shows that with Gτ
the Fisher information does not increase indefinitely, and
there is an optimum value Gτ ∼ 1/N beyond which no
significant information is gained by increasing the inter-
action time Gτ . This is because for Gτ > 1/N the Fisher
information drops rapidly to zero for certain values of θ0,
such that the singular points that are averaged out in
the approximate expression starts to make a contribu-
tion. Thus we again see that the best PCI measurements
are obtained for Gτ ∼ 1/N .
IV. MEASUREMENT-INDUCED
BACK-ACTION
As we have seen in Sec. II, the coupling the atomic
state to light results in the photons to accumulating a
relative phase rotation. The detection of the phase shifts
of the photons in a homodyne measurement causes the
initial atomic state |ψ〉 to make a transition to the state
|ψm〉 = Mˆnc,nd |ψ〉√
P (nc, nd)
. (58)
with probability P (nc, nd). This post-PCI measurement
state has varying degrees of backaction depending upon
the parameters chosen. In this section we study the effect
of the PCI measurement on the atomic quantum state at
the single shot level.
In the ideal case, the PCI measurement produces a
negligible backaction and the measurement is able to
read out the state to a high fidelity. Naturally, the laws
of quantum mechanics imply that doing both perfectly
is impossible. However, as N becomes larger this sce-
nario is asymptotically approached. The information-
disturbance tradeoff was calculated in Ref. [22] and was
found to have a universal behavior. To determine the
effect of the backaction on the initial state |ψ〉 it is in-
structive to plot the Q-distribution, which in our case
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FIG. 6: (Color online). The Q-function of the atomic BEC
state after PCI imaging for various atom-light interaction
times Gτ , as shown in the figures. The initial condition of
the state of the atomic BEC is θ0 = pi/2, ϕ0 = pi/2, and the
parameters for the figures are |γ|2 = |χ|2 = 15, N = 300, and
φγ = φχ = 0.
is
Q(θ, ϕ) =
N + 1
4pi
∑
nc,nd
P (nc, nd)
×
∣∣∣〈〈cos θ2e−iϕ/2, sin θ2eiϕ/2|ψm〉∣∣∣2 . (59)
This is more representative than alternative measures of
the backaction such as the fidelity (i.e. |〈ψ|ψm〉|2), as
for many-particle states such as those that we deal here,
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there is an exponential suppression of the fidelity with
the particle number. For example, for two spin coherent
states that deviate by an angle δθ [20],
〈〈cos θ
2
, sin
θ
2
| cos θ + δθ
2
, sin
θ + δθ
2
〉〉 ≈ e−N(δθ)2/8,
(60)
thus a fidelity becomes exponentially sensitive to small
angular deviations on the Bloch sphere.
For an initial spin coherent state |ψ〉 = |α0, β0〉〉, we
may use similar approximations to that discussed in the
previous section. The Q -function may be estimated an-
alytically, giving
Q(θ, ϕ) =
(N + 1) cos2N+1( θ2 − θ02 )
23/2piσQ
√
N sin θ sin θ0
e
− (ϕ−ϕ0−(|χ|2+|γ|2)Gτ)2
2σ2
Q ,
(61)
where
σ2Q =
2 cos2( θ2 − θ02 )
N sin θ sin θ0
+
2G2τ2
σ2
, (62)
and σ2 is as given in (57). The analytical expression
shows that the measurements affects only the phase ϕ of
the atomic condensates. In Fig. 6 we directly calculate
the Q function numerically using (59), which shows the
same general behavior, a broadening in the ϕ direction.
From the analytical form, we see the measurement causes
a drift in the phase of the atomic condensate, ϕ − ϕ0 =
(|χ|2+ |γ|2)Gτ . This can be understood to be an average
phase drift given by the light on the BEC. The other
effect is the increase in the width of the relative phase
to width σQ. Both effects are proportional to the atom-
light interaction time, Gτ . Weak measurements with the
interaction times Gτ ≪ 1/√N as described above, tend
to preserve the coherent properties of the state |ψm〉 of
atomic condensate, namely ϕ ≈ ϕ0 and ∆ϕ ∼ 1/
√
N .
This is true provided that effect of photon statistics on
the measurement is small Gτ(|χ|2 + |γ|2) ≪ 1, as seen
in Figs. 6(a)(b). However, as the atom-light interaction
time increases the relative phase of state |ψm〉 is shifted
by an amount proportional to the atom-light interaction
time Gτ . The growth of σQ is due to a scrambling of the
relative phase that causes loss of coherence as shown in
Fig 6(c)(d)(e). This is a similar effect to phase diffusion
due to atom-atom interaction, which causes each atomic
number state to evolve at different rate around the Bloch
sphere, thereby scrambling the phase [37, 38].
The fidelity of the states |ψ〉 (23) and |ψm〉 (58)(not
keeping the measurement record) is F (|ψ〉 , |ψm〉) =∑
nc,nd
P (nc, nd) |〈ψ|ψm〉|2 = F (θ0) where it easily
shown that
F (θ0) =
√
2
σF
√
N sin θ0
e
− 12 (|χ|
2+|γ|2)2G2τ2
σ2
F , (63)
where
σ2F =
2
N sin2 θ0
+
2G2τ2
σ2
, (64)
and σ is as defined in (57). Comparing (63) and (61), it is
evident that setting θ = θ0 and φ = φ0 in (61) and ignor-
ing the normalisation constant gives the fidelity F (θ0).
For Gτ = 0, the fidelity is unity for all initial value as
expected. However, the fidelity decreases with increas-
ing values of Gτ and is vanishingly small for all values
of θ0 except for θ0 = 0, pi. To understand this, we turn
to the Q -function where it is easily understood that for
the atomic coherent state, the states θ0 = 0, pi is a well
defined number state with zero phase and are not af-
fected by the fluctuation in phase. In fact, whereas the
Q -function shows that the changes in the states of the
atoms are due to distortion in the phase of the atomic
state, the fidelity for a given initial amplitude θ0 mea-
sures the resemblance between the initial state and the
final state. From the outset, it easily understood that
the resemblance of the final state to the initial state is
remarkably similar and the fidelity is close to unity if
the phase is relatively unscrambled as discussed in the
Q -function section above. Hence, the fidelity indirectly
measures the distortions in the phase of a given ampli-
tude of atomic states, and the distortion proves to be
roughly same amount for every initial amplitude θ0.
V. EXPERIMENTAL PARAMETER
ESTIMATES
Lastly, we provide estimates for parameters appear-
ing in our model. The interaction frequency Gj is
Gj =
|〈gj |dj·ε∗|ej〉|2
~2∆j
〈
E2(r)
〉
[22], where the average
field
〈
E2(r)
〉
in terms of the average intensity I is〈
E2(r)
〉
= 2Iǫ0c . For definiteness, we consider the D1
line transition of 87Rb atoms where only the mF = ±1
(F = 1) states are occupied. For PCI imaging of 87Rb
atomic BEC using σ+ polarised laser light of average
intensity 300µW/cm2 [9] and detuning of 212 MHz [9],
G = G1−G−1 = 20×103 s−1. To estimate the interaction
time τ , we calculate the time taken by light to traverse
the atomic cloud. In Ref [9], PCI laser light was applied
to BEC along the axis of tightest confinement. The ra-
dius of the cloud along this axis is Ry = (
2µ
mω2y
)1/2, giving
τ = 2Rynp/c, where np is the refractive index at the
peak density of the atoms, µ is the chemical potential of
the BEC, ωy is the trap frequency along the axis of tight-
est confinement, and m is the mass of the atom. Thus
the coupling strength Gτ using parameters of Ref. [9] is
Gτ = 2 × 10−7. Compared with 1/N = 2.5 × 10−7 af-
firms that the experiment of Ref. [9] was performed in
the minimally-destructive regime.
To enter the non-Gaussian regime, we require coupling
strength in the region of Gτ ∼ 1/
√
N . This thus re-
quires a further increase of the dimensionless coupling
Gτ by a factor ∼
√
N . For small ensembles this may
readily be achieved by increasing the laser intensity. Al-
ternatively, cavities may be used to enhance the coupling.
Enhancements ofG by factors over 103 are readily obtain-
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able [39, 40], and hence the non-Gaussian regime should
be reachable using current experimental technology.
VI. SUMMARY AND CONCLUSIONS
In summary, we have presented a theory of single-shot
phase contrast imaging of atomic Bose-Einstein conden-
sates, extending upon the initial work presented in Ref.
[22]. We derived a measurement operator that fully de-
scribes the information obtained from the measurement,
as well as the backaction due to the measurement. Us-
ing the measurement operator, we calculated the proba-
bility density and its characteristic features such as the
mean, standard deviation, estimation error and Fisher in-
formation. For the measurement to be described as non-
destructive, we found that there is an optimum atom-
light interaction time, which scales inversely with the
population of atoms in the condensates, Gτ ∼ 1/N . Be-
yond this atom-light interaction time Gτ > 1/N , the sig-
nal starts to deteriorate until no significant information
can be inferred from the measurement. We showed using
the Q -function that the state of the atomic condensates
suffers significant back-action due to the measurement for
times Gτ ≫ 1/N , but is fairly minimal for Gτ ∼ 1/N . In
particular, the back-action shifts and scrambles the rel-
ative phase of atomic BEC states by an amount propor-
tional to the atom-light interaction time, assuming that
the photon statistics plays limited role N ≫ |χ|2 + |γ|2
(i.e. the total number of atoms N in the atomic conden-
sate is greater than the combined average photon number
u0 used in the measurement).
In this work we did not take into account the back-
action resulting from dephasing due to residual absorp-
tion as done in Refs. [26–28]. Although light used in the
measurement is far-detuned from atomic resonance tran-
sition, a small number of atoms are excited. These atoms
decay by spontaneous emission, and do not return to the
atomic condensate. Because the spontaneous decay pro-
cess is uncontrolled and random, it leads to the heating of
the atomic samples. Recently, it was found that narrow
linewidth lasers are highly effective at suppressing the ac
Stark shift scattering rate due to non-Markovian effects
[41], hence we expect that this can be reduced to a very
low level in practice. We have also assumed that the par-
ticle number in the BEC is a constant N , which may ap-
pear to be a strong assumption, as typically shot to shot
the particle number in an experiment will vary. How-
ever we point out that we consider a single-shot scenario
where the number of atoms in the trap, including both
the condensed and thermal fractions, is to a good approx-
imation fixed to N . As long as the light is applied to the
atoms in a symmetric way, our theory applies to both
BECs and ensembles, hence to first order we expect that
both the condensed and uncondensed parts contribute in
the same way. A full calculation taking these effects into
account is left as future work.
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